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p(xn |Yn—l) = J:. p(xn , Xn—l’Vn |Yn—1)dxn—1dvn—1

= [P0 1%y 10V Yo ) POV, 151, Yo 1) PO Vo) 40,
- Je 5(Xn -F (Xn—l’vn )) p(Vn) p(Xn—l |Yn_1)an_1an_1

1:n(—jl) - p(Xn—l |Yn—1)

vil ~ p(v)

P = FOED V) ~ p(x,lY,)
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4)1/57 DAY T) T

(i} > (1)

Gordon et al. (1993), Kitagawa (1996)
Doucet, de Freitas and Gordon (2001) “Sequential Monte Carlo Methods in Practice”
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One Cycle of Monte Carlo Filtering
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One Cycle of Particle Filter
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Comparison of the Resampling Methods

Df* © Exact filter distribution

m J(Ds, Dp) J(Dp , Ds)
Random Stratified Deterministic
10 Sort 0.0326 0.00379 0.00176 0.1021
No-sort 0.0321 0.00859 0.00513 0.1021
100 Sort 0.00381 0.636x103 0.311x10* 0.860x102
No-sort 0.00405 0.939x103 0.612x103 0.860x102
1,000 Sort 0.398x103 0.838x10° 0.407x10° 0.102x102
No-sort 0.379x1073 0.982x10* 0.611x10* 0.102x102
10,000 Sort 0.387x10* 0.101x107 0.498x10°8 0.248x10°3
No-sort 0.406x10* 0.936x10 0.636x10~ 0.348x10°3
“o0 J(Ds,D,) is negligible
J(Dy, D)= (D,(x)—D;(x))"dx -
m
IS 0y p®)_ LN i c=2
= — (04 I X, _ I X, f (I) dX n
[z -2 31001
)1 P ER HERF RV (BT
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v ~q(v)
Y ¥4 53, nfBlofz+ %

(i) . -
o(D) = Sijn-1 for i=1,...,n-1
iin-1 F (Sigj_?un_l,vr(]n) for i =N

Y EHRTAHY

(pjﬁrju)—l"”’ pr(1|jn)—1 '~ p(xl’”"xn |Yn—1)
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PR (BT 2GS 55 %) (2)

Yo  HLwF—%

PI’(X, = p1(|rj])_11”',xn - pr(1|jn)—1 |Yn)

L. pd, = ph)

LN

= Pr(xi = p1(|rj1)—l’”"xn = pr(1|jn)—1 |Yn—1’ yn)
_ P(Y, [ X% = pl(|rj1)—1'“"xn = pr(1|jn)—1’Yn—1) Pr(x = p1(|31)—1v""xn = pr(1|jn)—l | Vi 1)
Pr(yn |Yn—1)
_ Pry, | pr(1|jn)—1) Pr(x, = p1(|g1)—1’“"xn = pr(1|jn)—1 | Yn1)
Pr(yn |Yn—1)
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ﬁ Exact Non-Gaussian Smoother \

i ‘ ‘ ‘ ‘ .
Q 100 200 300 400 J N
-2
-3
a ) ;
, | m=100,000 , | M=10,000

-3 ! ! ! ! -3 ! ! ! !
\1 101 201 301 401 / \1 101 201 301 401 /
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Accuracy vs. Number of Particles

Gaussian model Cauchy model
100 100
107 10 A
1 .
<a: (&: 1 -
Q01 - S)
—~ ~
0.1
0.01 A
0.01 A
0.001 -
00001 T T T T T 0001 I I T I I
10> 10° 10* 10> 10° 10’ 102 103 10* 105 10% 107
Number of Particles Number of Particles
Smoothing Smoothing .
—— —a— —&o— Filter - N L - 2
(max lag) (best lag) [ |(D,D)=ZZ{D(xj,n)—D(xj,n)}Ax]
n=1 j=1
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Accuracy In Computing Log-Likelithood

| Goussianmodel Cauchy model

I N T S N T

-750.859 2.28171 0.02 | -752.207 6.247 0.02
103 -748.529 1.115 0.06 | -743.244 2.055 0.06
104 -148.127 0.577 0.58 | -742.086 0.429 0.63
10° -747.960 0.232 5.84 | -742.024 0.124 6.27
108 -7147.931 0.059 59.41 | -742.029 0.038 62.73
107 -147.926 0.023 591.04 | -742.026 0.013 680.33
108 -7147.930 0.008 5906.62 | -742.026 0.003 6801.55
10° -147.928 0.002 59077.35 | -742.026 0.001 69255.03
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Number of Different Particles in Fixed-Lag Smoothing

Gaussian model Cauchy model
— = — M=1 — =
— mzigg — mzlggo m=10000 — m=100 — m=1000 — m=10000
— m=10° — m=106
1000000 1000000
100000 - 100000 \—
10000 A 10000 \‘
1000 - 1000 \
100 - 100 \\\\\\\""-~.____~\--\\_______-—
1 | I | I I I | T 1 | I I I I I T T
0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
Lag Lag
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Accuracy of Fixed-Lag Smoother

Gaussian model Cauchy model
100 100
10 A 10

1 7 1
= 3
5 <
5
01 0.1

0.01 A 0.01
0.001 ' ' ' . . 0.001 . . . . .

0 20 40 60 80 100 0 20 40 60 80 100

Lag: k
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LN

Smoothing by Two Filter Formula

Filter
p(X, 1Y) = PO Yo 10 Ys) = Wi Yol
oC p(xn’ yn |Yn—1) Y|\r|1 = {yn """ yN}
— p(yn |Xn)p(xn |Yn—1)
Smoother - ~
(X, [Yy) = P(X, | Yo, Vi) PCYs [ %))
oc p(Xy, Yol Yo sp) 4L
= p(D1 %) p(X, Y, 1) PO TXa)

26
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Backward Filtering

Initialization
p(YNN |XN) — p(yN |XN)

Backward Filtering

p(YNnJrl | Xn) — j p(YNnJrl | Xn+1)p(xn+1 | Xn)dxn+1
P(Yy %) = P(Y, [ %) PCYR™ 1 %,)

L) 1R ER ¥IEBFIEVI (RRRIVEEMT)
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Two-Filter Formula for Smoothing

n-2 n-1

3 =
@ |

(
p(x, |

I

-

n

__a
»

W

)

Pa?

<

K

Smoothing

~

Yn—1) p(YI\In | Xn)

)

—

Filtering

Backward Filtering
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Fixed-Lag with LAG=500

Two-Filter Formula

~

m=1,000

m=10,000

m=100,00C

~

50

100

150

200

250

300

350
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450
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Accuracy of Smoothing

Gaussian Model Cauchy Model
m Fixed- Fixed- Two- | Fixed- Fixed- Two-filter
lag  interval filter lag  interval

102 8.693 41.723 6.913 | 21.248 478381 26.440
103 2.259 16.275 1399 | 6.042 23.654  4.870
104 0.717 5547 0333 | 1.001 3.679 0.378
10° 0.185 1448 0.118 | 0.140 0.380 0.072

Evaluated by 1(D, D)

BRAY  t)IErUER HERF RV (BRFIARIT) 30



Accuracy of Two-Filter Smoothing Algorithm

Gaussian model mg=100 is sufficient. Cauchy model
m,=10 might be reasonabl
-0-100 -»-1000 10000 --100000 —1000000 / _._100\@0 10000 -e-1000000 —10000000
100 \\\$
10 - \ .\.‘—-—_— 8
—9
o \
-6
© ©
3 T 2 1-
g £
\\ 0.1 4 \
—————¢ -
0-1 | | | 0.01 | | |
1 10 102 10® 10° 1 10 102 103 104
m,: Number of evaluated particles m,: Number of evaluated particles
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Gordon et al. (1993), Kitagawa (1996)
Doucet, de Freitas and Gordon (2001) “Sequential Monte Carlo Methods in Practice”
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HEKE 5 4 7 4

Model(G,G) &, ~N(0,72) & ~N(0,z2)
Model(C,G) &, ~C(0,z2) &, ~N(0,z2)

40000 -

Nikkei 225

Model (G,G) (C,G) 30000 -
29000 700 M
2 00026  0.0005 20000 -

AIC 13726.02 13765.84 WMM ]

10000 -

100 1 volatility

1000 A
e M
0 ,

™
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X, = BX, 4 +V, v, ~ N(0,7%)
/24X,
r,=e“ “ew, Rpi7A—5 B o p 7
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E N

y, =T, +S, +W
T =2T ,-T ,+V,

S, =—(S _;+:+ Sn_p+1) +U,

HE R HFRT 5356

w. ~ N (O, o°)

v, ~aN(0,7;) +(1-a)N(0,¢;)

u, ~ AN(0,7;) + (1~ AIN(0,&7)

o° i z; &=/ Log-LK AIC
Gaussian 0.874 x 10> | 0.146 x 10° | 0.365 x 104 0.98 -670.39 1346.8
Non-Gaussian | 0.288 x 10° | 0.528 x 103 | 0.362 x 103 0.98 -667.01 1342.0
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/ 9n4xn—1
X, =0,3%, 1+ o +6,.cos(1.2n) + v,
n-1

2
Yn = ‘9n6xn + W,

Vo ~ N(0,expi03), W, ~ N(0,exp{6,,})

/

Augmented State Vector
e
0
z, =| ™
_9n6_
FE1 R BB HIBFERVIL (ReRFEEAT)
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# Generation of data
## trend model
x <= 1ep(0,400)
x[101:200] <- 1
x[201:300] <- -1
y <- x + rnorm(400, mean=0, sd=0.5)

HUHHHHRHHBHHBHHBH AR H R HBHHRHBHH
# Particle Filter

HUHBHH RS HBHHBHHBHHRH R HBHHHHBHH
m <- 10000

tau <- 0.04

sig <- 0.25

# Initial distribution

xf <- rnorm(m,mean=0,sd=2)
n <- length(y)

trend <- rep(0,length=n)

for (ii in 1:n) {

# Prediction step

v <- rnorm(m,mean=0,sd=tau)
Xp <- xf+v

# Bayes factor (weights of particles)

alpha <- dnorm(y[ii]-xp,mean=0,sd=sig,log=FALSE)

alpha <- alpha/sum(alpha)

# re-sampling
xf <- sample(xp,prob=alpha,replace=T)

gxf <- quantile(xf)
trend[ii] <- mean(gxf)

}

plot(y,type="1",ylim=c(-3,3))
par(new=T)

plot(trend,type="1",col="red",lwd=2,ylim=c(-3,3))
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V: Cauchy distribution
v <- rcauchy(m,location=0,scale=0.0001)

1
= i I l 1l
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